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Nomenclature
Ci0, Cf = constants, Eqs. (8)
/(b/i,/2 = functions, Eqs. (8)
g = acceleration due to gravity
K = permeability
k = effective thermal conductivity
R = radii ratio, R0/Rt
Ri = radius of the inner sphere
R0 = radius of the outer sphere
Ra = Rayleigh number, pgpKbTRJ(na)
r = radial coordinate, r'/Rf
rc = radius of the circular streamline, Eq. (9)
rv = radius of the circle for tangential velocity,

Eq. (11)
T = dimensionless temperature, (T - T'f)lbT
Tf = initial temperature
TJ = nondimensional temperature of the inner

cylinder, (r; - T'f)l±T
T0 = nondimensional temperature of the outer

cylinder, (T'0 - T'f)lkT = Tt - 1
t = time, t'/(<rtQ)
t* = time, at'/(o-Kt)
t() = characteristic time
U = characteristic speed, pgpK&T/fji
a = effective thermal diffusively
a* = parameter, (eRa)~l

j3 = coefficient of thermal expansion
AT = temperature difference, T- - T'0
e = parameter, UtQ/Ri
j] = similarity variable, (r - l)/(2t*l/2)
6* = angular coordinate

P
a

Received June 23, 1992; revision received Oct. 19, 1992; accepted
for publication Oct. 22, 1992. Copyright © 1993 by I. Pop. Published
by the American Institute of Aeronautics and Astronautics, Inc., with
permission.

* Professor, Faculty of Mathematics.
tProfessor, Department of Applied Mathematical Studies.
t Professor, Department of Mechanical Engineering.

fluid viscosity
similarity variable, (R - r)/(2t*l/2)
density
ratio of heat capacity of the saturated porous
medium to that of the fluid
azimuthal coordinate
stream function, il/'/(aRa)

Subscripts
c = composite
w = value at the wall

Superscripts
' = dimensional variable
c = core region
/ = inner boundary layer
0 = outer boundary layer
- = average quantity

Introduction

O WING to its wide applications in geophysics and in var-
ious engineering devices, heat and fluid flow within fluid-

saturated porous medium has been extensively studied over
the years.1-2 This includes the utilization of geothermal en-
ergy, the control of pollutant spread in groundwater, as well
as the design of nuclear reactors, compact heat exchangers,
solar power collectors, and high-performance insulation for
buildings. Heat transfer by free convection between two cyl-
inders (horizontal or vertical) and spheres filled with porous
media is of fundamental importance in many of these appli-
cations. A review of the literature shows that cylindrical po-
rous geometries have probably been studied more and are
better understood.3'9 In contrast, the spherical porous geom-
etry10 deserves further treatment and has not been examined
as rigorously as cylindrical geometries. Furthermore, the gov-
erning equations are very complex in spherical coordinates.

Recently, Sano11 considered the problem of transient-free
convection between two horizonal concentric cylinders con-
taining a Newtonian fluid. He was able to predict analytically
the existence of three distinct regions in the initial flowfield,
and four different patterns of motion may be distinguished,
corresponding to four different types of thermal boundary
conditions. This article has been recently extended to the case
of a horizontal annulus filled with a porous medium by Pop
et al.12

The aim of this Note is to describe the initial phase of
transient-free convection between two concentric spheres filled
with a porous medium. Short-time solutions to the momentum
(Darcy) and energy equations are obtained analytically using
the method of matched asymptotic expansion (see Pop et
al.12).

Analysis
Consider the free convection between two convective spheres

filled with a porous medium. It is assumed, that initially, the
fluid between the spheres is at rest and has the uniform tem-
perature Tf, and that the transient flow is caused by step
changes in the surface temperature of the inner and outer
spheres from Tf to T- and T'0, respectively. In spherical co-
ordinates, with the origin at the center of the spheres, the
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equations governing the initial motion with the Darcy and
Boussinesq approximations can be written in nondimensional
form as

dT
dt r2 sin 0* d(r, 0*)

along with the initial and boundary conditions

t < 0: 0 = r = o

= 0, r = T, at r = 1
= 0, T= T0 at r = R

(1)

(2)

(3a)

(3b)
(3c)

where

a2 cot e* d is2

a2 2 a

+ (4a)

cot 0* a i a2

—— + (4b)

Solutions to Eqs. (1-3) are sought as perturbation expan-
sions in powers of the small parameter e, but for a* being
0(1). The flowfield between the spheres is divided into three
regions: 1) an inner boundary-layer near the inner sphere;
2) an outer boundary-layer near the outer sphere; and 3) a
core region between the two boundary layers. These inner,
outer, and core flowfields are determined simultaneously. The
inner and outer solutions, solved in the stretched coordinates,
satisfy the boundary conditions on the spheres. They are then
expressed in intermediate coordinates and matched. The pro-
cedure parallels those of previous studies by Sano11 and Pop
et al.12 and will not be considered in detail here. Only the
composite solution will be shown in the next section.

Results and Discussion
The composite solution is the inner solution plus the outer

solution plus the core solution, minus the terms which are
common to the three solutions. The solution valid for the
whole field is then

-ijerfc(ij) + sin20

sin2<9

f (x sin20 + t*Ti \ (1 4- 2r?2)erfc(77)

I 7
f * T" I (\ 4- *) "^ ** ' ^^t 1 o I \\ ' ^

^* r__

_J^ ^-^Isin20
V^r J

sin20

sin20

.,[< 2ry3)erfc(7/) - -^=n2e-^2\ sin20

sin20

x sin20 cos 0 -

2 - 9

/4A/2 - 9 _8
\ 2 + 37

j)r3 - R2(T2
0x [(r2 +

+ h.o.t.

Vc = T, erfc(ry)sin 0 + T0

(5)

in 0

x sinin 8 - 2t*mTt 2r) erfc(?7) - —/= e'^2 si

t*»iR-lT0 2£erfc(£) - 77^ ^"^M sin ^

f (

[2(7; - RT0) - R(T0 - /?27>-3]sin 0

+ 14i72)erfc(i7) - —/= r/e"172 sin 0

m 1
sin 0

- \Ra\t*r2/0(T/)sin 0 cos 0 - \Ra\t*R~1T2J0
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x [3(72 + R2T2)r + 2R2(T2
0 + R3T2)r~4]sm 0 cos 0

+ h.o.t. (6)

Tc = T^erfcCry) + T0 erfc(^) - 2^*^r/7/ erfc(r/)

h*Ttf erfc(ry)

cos 0 -

^2 cos 0 + h.o.t. (7)

where <l/c, Vc, and Tc are the composite stream function, tan-
gential velocity, and temperature, respectively. In the above
equations we have adopted the notation.

R\TJT,)
R3 - 1

+ TJT0)
R3 - 1

(8a)

(8b)
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a)
(i) (ii)

c)
(i) («)

(ii) (ii)

0, (ii) t* =Fig. 1 Streamline patterns for a) R = 2, \Ra\ = 10, T, = 2 [(i) t* -> 0,
0.01]; c) R = 2, \Ra\ = 10, Tf = £ [(i) t* -> 0, (ii) t* = 0.01]; d) R = 2, |to| = 10, T{ = i [(i) f * -> 0, (ii) f * = 0.01]; e) R = 2, |to| = 10,
7, = 0 [(i) t* -» 0, (ii) /* = 0.01]; and f ) tf = 2, |fta| = 10,

0, (ii) t* = 0.01]; b) R = 2, \Ra\ = 10, T{ = 1 [(i) t*
2, |to

= -1 [(i) f* -> 0, (ii) t* = 0.01].

2*2)erfc2(;t) - —^
3-77
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erfc(V2jc)
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I 2 + 3 J I + 377

erfc(x) - (8e)

As in the work by Pop et al.12 on the transient-free con-
vection between two horizontal concentric cylinders filled with
a porous medium, the effect of the change in temperature is
felt in the core flow after a time 0(?*1/2), whereas for the
corresponding flow in a nonporous media, it takes 0(£*3/2).
This faster transmission of information is a fact of porous
medium, and therefore, the results are as expected.

In the limit as t* —> 0, all the results become independent
of the Rayleigh number and there exists a circular streamline
of radius

rc = t - R2]} (9)

for Tf > 1 and Ti < 0. This result is again what we would
have physically expected. Since if TL > 1 (<0), both the spheres
are impulsively heated (cooled) to a constant temperature in
excess (below) of that of the surrounding fluid, and hence,
the fluid flow rises (falls) near the surfaces of the spheres and
from continuity fluid flow must fall (rise) in the core of the
flow, i.e., near r = rc. In order to illustrate these types of
flows, Fig. 1 shows the streamlines as £* — > 0 and t* = 0.01
for R = 2, Ra = 10, and Tt = 2, 1, i, i, 0, and -1. When
0 < Tt < 1, i.e., - 1< T0 < 0, then the inner sphere is heated
and the outer sphere cooled. Therefore, the flow will rise near
the outer sphere and only a single recirculatory flow will be
produced, see part(i) in Figs. Ic and Id.

It is interesting to note that in Figs. Ib-e, only one recir-
culating flow has been generated since 0 < Tt < 1, but the
nature of the flow is quite distinct for Ti = 1 . The reason for
this may be found from examining the leading-order core
velocity, i.e.

R2T0)Vc = -[2t*™/(R* -

+ R2(T0 + JRTz)r~3]sin 6

which shows that there is a circle of radius

(10)

R)Tt - - R2}} (11)
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on which this core velocity is zero, provided that 1 < rv < R.
On manipulation of these inequalities we find that the zero-
order core velocity is zero when

^ r, < 1 + 2R3
(12)

(13)

2 + 3/?2 + R3 ' 1 + 3R + 2R3

which, for example, reduces to

R -> oo o < r, < i
R - 4 $ < T i < T j
r> _ <-> 6 < ^ T < ^ 1 7

K — 2 n ^ l / ^ 23

7? —> 1 T = -

Therefore, there is a finite range of values of Tt for which the
zero-order core velocity is zero for all values of R, but as
/? ->i , r,-> j.

It is observed from all (i) in Fig. 1, that as t* —> 0, the
boundary layers on r = 1 and r = R are of zero thickness,
and then as t* increases, these boundary layers increase in
thickness and diffuse into the core flow. Furthermore, it is
seen that when Tt = 1 (Tt = 0), i.e., T0 = 0 (Tt = -1),
then the boundary layer on the outer (inner) sphere has not
been changed from that of the original core temperature.
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Cn =

Nomenclature
a/a = angle of attack, deg

drag coefficient
lift coefficient
center of pressure
flight velocity, km/s
specific heat ratio

CL
CP
V
y

Introduction

E LLIPSES of thickness ratio varying from 5 to 15% and
the airfoil for the wings of the Space Shuttle Orbiter are

considered for this study. Their exact geometries are given in
Ref. 1. Chord lengths for these geometries are varied between
2-50 m. Two-dimensional, chemically reactingflowfields around
these geometries are calculated in the present work using the
computer codes CENS2H and CENS2D described in Refs. 2
and 3. The CENS2H code assumes air to consist of five neutral
species N, O, NO, N2, and O2, and accounts for thermal and
chemical nonequilibria in the shock layer, i.e., it uses a two-
temperature reaction model. The CENS2D code is for an ideal
gas of fixed y ( = CP/CV). Freestream velocity is varied be-
tween 3-7 km/s for the present calculation. The freestream
density is varied as 8 x 10"6, 4 x 10~5, 2 x 10~4, and 1Q-3

kg/m3, corresponding approximately to the flight altitudes of
85, 74, 63, and 50 km, respectively. Angle of attack is varied
as 20, 30, and 40 deg. The rate parameters given in Refs. 2
and 3, which are to be referred to as the standard rates, are
used in most of the present calculations.

Convergence performance of these codes has been exam-
ined in Refs. 2 and 3 for an Apollo-shaped blunt body and a
slender ellipse, respectively. One-temperature solutions can
be obtained using CENS2H by setting the vibrational relax-
ation times to be very short.2'3 Near equilibrium solutions can
be obtained also using CENS2H by setting reaction rates to
be very large.2'3 It was shown in Ref. 2 that the aerodynamic
characteristics of near-equilibrium flows can be represented
approximately by those of ideal-gas flows of fixed y less than
1.4.

Algebraically-generated grids of 110 x 80 = 8800 node
points are used for the present calculations. Lift, drag, and
moments are calculated accounting only for pressure, ne-
glecting skin friction. The shift in the CP location is deter-
mined as the difference between the location of the CP for
the reacting flow and that of the perfect-gas (y = 1.4) flow.
CP shift is represented as a percentage of the chord length.
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